
Phys 344: from classical to quantum mechanics

Sept 29/2025



Hamiltonian formalism of classical mechanics: brief summary
<latexit sha1_base64="k53+iJ83Ux+2cj9A22ceZF482PQ=">AAACOHicbZDLSgMxFIYzXmu9VV26CRahBSkzUtSNUHTjzgr2Am0pmTRtQzPJkJyplKGP5cbHcCduXCji1icwvSDa9kDg5/vPSXJ+PxTcgOu+OEvLK6tr64mN5ObW9s5uam+/bFSkKStRJZSu+sQwwSUrAQfBqqFmJPAFq/i965Ff6TNtuJL3MAhZIyAdyducErCombqt9xmN9TADl272BNdbCuIRwpZNIK4LJTuad7pAtFYP+HdiQX+2mUq7OXdceF54U5FG0yo2U8/2DhoFTAIVxJia54bQiIkGTgUbJuuRYSGhPdJhNSslCZhpxOPFh/jYkhZuK22PBDymfydiEhgzCHzbGRDomllvBBd5tQjaF42YyzACJunkoXYkMCg8ShG3uGYUxMAKQjW3f8W0SzShYLNO2hC82ZXnRfk0553l8nf5dOFqGkcCHaIjlEEeOkcFdIOKqIQoekSv6B19OE/Om/PpfE1al5zpzAH6V873D8NkrGs=</latexit>

ωr(t = 0), ω̇r(t = 0) →↑ ωr(t), ω̇r(t)

x

y

z

<latexit sha1_base64="5ljwjowXjvNm/+B+JuiRAjZLMfA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmIckS5idzCZDZmeXmd5ACPkKLx4U8ernePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3s385ohrI2L1iOOE+xHtKxEKRtFKT50RZ0SX8KJbKLpldw6ySryMFCFDrVv46vRilkZcIZPUmLbnJuhPqEbBJJ/mO6nhCWVD2udtSxWNuPEn84On5NwqPRLG2pZCMld/T0xoZMw4CmxnRHFglr2Z+J/XTjG88SdCJSlyxRaLwlQSjMnse9ITmjOUY0so08LeStiAasrQZpS3IXjLL6+SxmXZuypXHirF6m0WRw5O4QxK4ME1VOEealAHBhE8wyu8Odp5cd6dj0XrmpPNnMAfOJ8/3S+Pzg==</latexit>

ωr(t)
<latexit sha1_base64="ll29PPuBu9pLAhP2pFoqvzHbTj8="></latexit>

ω̇p = →εH(ωr, ωp)/εωr

ω̇r = εH(ωr, ωp)/εωp

Solve 
1st order 

differential 
equations

Hamiltonian H(r,p) is the total energy 
It is provided in the system’s ``user manual”

<latexit sha1_base64="kfcNjQG8xJrdq2VBdr2v3PcuCrI=">AAACLXicbZDLSgMxFIYz3q23qks3wSJUkHZGiroRirroUsG2QqeUTHpqQzMXkjPFMswLufFVRHChiFtfw7QOotUDgY//PyfJ+b1ICo22/WLNzM7NLywuLedWVtfWN/KbWw0dxopDnYcyVDce0yBFAHUUKOEmUsB8T0LTG5yP/eYQlBZhcI2jCNo+uw1ET3CGRurkL6iLcIfKT7oprRXdIfBEpQd0AlG6X/5hIz2lbsQUCiZprfyN2MkX7JI9KfoXnAwKJKvLTv7J7YY89iFALpnWLceOsJ2M7+MS0pwba4gYH7BbaBkMmA+6nUy2TemeUbq0FypzAqQT9edEwnytR75nOn2GfT3tjcX/vFaMvZN2IoIoRgj410O92OwX0nF0tCsUcJQjA4wrYf5KeZ8pxtEEnDMhONMr/4XGYck5KlWuKoXqWRbHEtkhu6RIHHJMqqRGLkmdcHJPHskLebUerGfrzXr/ap2xsplt8qusj09qyqg8</latexit>

dH(ωr, ωp)/dt = εH/εt

Energy is a conserved quantity (unless you add or remove it explicitly)

{

point-like 
massive object

Check



initial 
conditions x0

turning 
point

turning 
point

Example 1: harmonic oscillator

kinetic energy

potential energy

<latexit sha1_base64="U+rbCudUnqwD6Qk2KBYoRRDm03s=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4qjNS1I1QdOOygn1AO5RMmmlDk8yY3CmWod/hxoUibv0Yd/6NaTsLbT0QOJxzD/fmBLHgBlz328mtrK6tb+Q3C1vbO7t7xf2DhokSTVmdRiLSrYAYJrhideAgWCvWjMhAsGYwvJ36zRHThkfqAcYx8yXpKx5ySsBKfqcXQfo0wdc4PpPdYsktuzPgZeJlpIQy1LrFL5uniWQKqCDGtD03Bj8lGjgVbFLoJIbFhA5Jn7UtVUQy46ezoyf4xCo9HEbaPgV4pv5OpEQaM5aBnZQEBmbRm4r/ee0Ewis/5SpOgCk6XxQmAkOEpw3gHteMghhbQqjm9lZMB0QTCrangi3BW/zyMmmcl72LcuW+UqreZHXk0RE6RqfIQ5eoiu5QDdURRY/oGb2iN2fkvDjvzsd8NOdkmUP0B87nDwmJkaE=</latexit>

ẋ = p/m
<latexit sha1_base64="ECGcwSODiWvDGHGfooE/m1KE2WA=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqBuh6MZlBfuAdiiZNNOGJpmQZMQy9DfcuFDErT/jzr8xbWehrQcCh3Pu4d6cSHFmrO9/e4WV1bX1jeJmaWt7Z3evvH/QNEmqCW2QhCe6HWFDOZO0YZnltK00xSLitBWNbqd+65FqwxL5YMeKhgIPJIsZwdZJXYWukej2E5s9TXrlil/1Z0DLJMhJBXLUe+UvlySpoNISjo3pBL6yYYa1ZYTTSambGqowGeEB7TgqsaAmzGY3T9CJU/ooTrR70qKZ+juRYWHMWERuUmA7NIveVPzP66Q2vgozJlVqqSTzRXHKkU3QtADUZ5oSy8eOYKKZuxWRIdaYWFdTyZUQLH55mTTPqsFF9fz+vFK7yesowhEcwykEcAk1uIM6NICAgmd4hTcv9V68d+9jPlrw8swh/IH3+QOT/5Fo</latexit>

p = mẋ here p is 
momentum

<latexit sha1_base64="AAulOtf38Mfrc6Elzgf1lGEladM=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgxbArQb0IQS8eI5gHJGuYncwmQ2YfzPSqYcl/ePGgiFf/xZt/4yTZgyYWNBRV3TPd5cVSaLTtbyu3tLyyupZfL2xsbm3vFHf3GjpKFON1FslItTyquRQhr6NAyVux4jTwJG96w+uJ33zgSosovMNRzN2A9kPhC0bRSPedXoRpPCaX5GRInrrFkl22pyCLxMlICTLUusUv8wBLAh4ik1TrtmPH6KZUoWCSjwudRPOYsiHt87ahIQ24dtPp1mNyZJQe8SNlKkQyVX9PpDTQehR4pjOgONDz3kT8z2sn6F+4qQjjBHnIZh/5iSQYkUkEpCcUZyhHhlCmhNmVsAFVlKEJqmBCcOZPXiSN07JzVq7cVkrVqyyOPBzAIRyDA+dQhRuoQR0YKHiGV3izHq0X6936mLXmrGxmH/7A+vwBXLORxw==</latexit>

ṗ = →kx force{

x

p

<latexit sha1_base64="pxaIiMVXL88KGv3vS3v65FyCFrU=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiZS1I1QdOOygn1AE8pkOmmHziPOTIQS6q+4caGIWz/EnX/jtM1CWw9cOJxzL/feEyWMauN5305hZXVtfaO4Wdra3tndc/cPWlqmCpMmlkyqToQ0YVSQpqGGkU6iCOIRI+1odDP1249EaSrFvRknJORoIGhMMTJW6rnlQHIyQPAKBvpBmWx0yic9t+JVvRngMvFzUgE5Gj33K+hLnHIiDGZI667vJSbMkDIUMzIpBakmCcIjNCBdSwXiRIfZ7PgJPLZKH8ZS2RIGztTfExniWo95ZDs5MkO96E3F/7xuauLLMKMiSQ0ReL4oThk0Ek6TgH2qCDZsbAnCitpbIR4ihbCxeZVsCP7iy8ukdVb1z6u1u1qlfp3HUQSH4AicAB9cgDq4BQ3QBBiMwTN4BW/Ok/PivDsf89aCk8+UwR84nz8pc5R5</latexit>

ω =
√

k/m

total energy

phase 
space 

trajectory

<latexit sha1_base64="GVybXIS090q6noHHmwjm88rDmFU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYklKUY9FLz1WsB/QxrLZbtqlm03Y3Ygl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2tb2xubRd2irt7+weH9lGpraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjvzO49UKhaJez2NqRfikWABI1gbaWCXGugC9QOJSRo/VLO0GmYDu+xUnDnQKnFzUoYczYH91R9GJAmp0IRjpXquE2svxVIzwmlW7CeKxphM8Ij2DBU4pMpL57dn6MwoQxRE0pTQaK7+nkhxqNQ09E1niPVYLXsz8T+vl+jg2kuZiBNNBVksChKOdIRmQaAhk5RoPjUEE8nMrYiMsQlCm7iKJgR3+eVV0q5W3MtK7a5Wrt/kcRTgBE7hHFy4gjo0oAktIPAEz/AKb1ZmvVjv1seidc3KZ47hD6zPH8JHk6Q=</latexit>

H → p
2

2m
Energy conservation analysis



Example 2: central field motion (Sun & Earth, proton & electron)

<latexit sha1_base64="oh1w1drYEzJOwH4iY9UN2m/W0nQ=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXgnoMevEYwTwkWcLsZDYZMju7zPQKIeQrvHhQxKuf482/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVA44T7kd0oEQoGEUrPXZxyJGW8bxXLLkVdw6ySryMlCBDvVf86vZjlkZcIZPUmI7nJuhPqEbBJJ8WuqnhCWUjOuAdSxWNuPEn84On5MwqfRLG2pZCMld/T0xoZMw4CmxnRHFolr2Z+J/XSTG89idCJSlyxRaLwlQSjMnse9IXmjOUY0so08LeStiQasrQZlSwIXjLL6+S5kXFu6xU76ul2k0WRx5O4BTK4MEV1OAO6tAABhE8wyu8Odp5cd6dj0VrzslmjuEPnM8fSIGQFA==</latexit>

ω(t)
<latexit sha1_base64="/Kri9c6c7T0ud7c80B+Rif3426Q=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0mkqMeiF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpYh4EwVK3kk0pyqQvB2M72Z++4lrI+LoEScJ9xUdRiIUjOJM0hW86JfKbtWdg6wSLydlyNHol756g5ilikfIJDWm67kJ+hnVKJjk02IvNTyhbEyHvGtpRBU3fja/dUrOrTIgYaxtRUjm6u+JjCpjJiqwnYriyCx7M/E/r5tieONnIkpS5BFbLApTSTAms8fJQGjOUE4soUwLeythI6opQxtP0YbgLb+8SlqXVe+qWnuoleu3eRwFOIUzqIAH11CHe2hAExiM4Ble4c1Rzovz7nwsWtecfOYE/sD5/AF7jY3i</latexit>

r(t)

<latexit sha1_base64="+RS6R8bYEz2M1yh7n2oBAfduyKg="></latexit>

H(r, p; ω,M) =
p
2

2m
+

L
2

2mr2
→ k

r

<latexit sha1_base64="kdBnmdiSr7jeOf13Rog0+6SDYpA=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQwrgrQW2EoE0KiwjmAdklzE5mkyGzD2buCmHJN9j4KzYWitha2fk3ziZBNPHAwOGc+5h7vFhwBZb1ZeQWFpeWV/KrhbX1jc0tc3unoaJEUlankYhkyyOKCR6yOnAQrBVLRgJPsKY3uM785j2TikfhHQxj5gakF3KfUwJa6phHTjeC9GaEL/GxExMJnAhcPfmhDvQZEO1aHbNolawx8Dyxp6SIpqh1zE89myYBC4EKolTbtmJw02wwFWxUcBLFYkIHpMfamoYkYMpNxyeN8IFWutiPpH4h4LH6uyMlgVLDwNOVAYG+mvUy8T+vnYB/4aY8jBNgIZ0s8hOBIcJZPrjLJaMghpoQKrn+K6Z9IgkFnWJBh2DPnjxPGqcl+6xUvi0XK1fTOPJoD+2jQ2Sjc1RBVVRDdUTRA3pCL+jVeDSejTfjfVKaM6Y9u+gPjI9vx+acRw==</latexit>

L̇ = →ωH/ωε = 0 Spin is cobserved under a central field potential

<latexit sha1_base64="121GAoYA0lnGRAXz56wEC5VOy5Q=">AAACHnicbVDLSgMxFM3UV62vUZdugkVwVWdKfWyEopsuuqhgH9CpJZNm2tDMg+SOUIZ+iRt/xY0LRQRX+jdm2oLaeiBwOOc+co8bCa7Asr6MzNLyyupadj23sbm1vWPu7jVUGEvK6jQUoWy5RDHBA1YHDoK1IsmI7wrWdIfXqd+8Z1LxMLiFUcQ6PukH3OOUgJa65qnTCyFxYMCAjPEldjxJaOJERAInAlfGP7ya+tUTX94Vu2beKlgT4EViz0gezVDrmh96D419FgAVRKm2bUXQSdLJVLBxzokViwgdkj5raxoQn6lOMjlvjI+00sNeKPULAE/U3x0J8ZUa+a6u9AkM1LyXiv957Ri8i07CgygGFtDpIi8WGEKcZoV7XDIKYqQJoZLrv2I6IDog0InmdAj2/MmLpFEs2GeF0k0pX76axZFFB+gQHSMbnaMyqqAaqiOKHtATekGvxqPxbLwZ79PSjDHr2Ud/YHx+A3KEogU=</latexit>

ω̇ =
εH

εL
= L/mr

2
<latexit sha1_base64="IWqkN7wemKokDtCBMYhm4xhjMn8=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCqzJTiroRim5cuKhgH9COJZNm2tBkZkjuCHUo/oobF4q49T/c+Tem7Sy09UDgcM493Jvjx4JrcJxvK7e0vLK6ll8vbGxube/Yu3sNHSWKsjqNRKRaPtFM8JDVgYNgrVgxIn3Bmv7wauI3H5jSPArvYBQzT5J+yANOCRipax/c4Ass1X2504sg7cCAARl37aJTcqbAi8TNSBFlqHXtLxOniWQhUEG0brtODF5KFHAq2LjQSTSLCR2SPmsbGhLJtJdOrx/jY6P0cBAp80LAU/V3IiVS65H0zaQkMNDz3kT8z2snEJx7KQ/jBFhIZ4uCRGCI8KQK3OOKURAjQwhV3NyK6YAoQsEUVjAluPNfXiSNcsk9LVVuK8XqZVZHHh2iI3SCXHSGquga1VAdUfSIntErerOerBfr3fqYjeasLLOP/sD6/AGsMZTB</latexit>

L = mr2ω̇ Angular momentum 
(Spin)

Come with the 
user manual!

real 
space 

trajectory

<latexit sha1_base64="GVybXIS090q6noHHmwjm88rDmFU=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0XwYklKUY9FLz1WsB/QxrLZbtqlm03Y3Ygl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zba2tb2xubRd2irt7+weH9lGpraJEEtoiEY9k18eKciZoSzPNaTeWFIc+px1/cjvzO49UKhaJez2NqRfikWABI1gbaWCXGugC9QOJSRo/VLO0GmYDu+xUnDnQKnFzUoYczYH91R9GJAmp0IRjpXquE2svxVIzwmlW7CeKxphM8Ij2DBU4pMpL57dn6MwoQxRE0pTQaK7+nkhxqNQ09E1niPVYLXsz8T+vl+jg2kuZiBNNBVksChKOdIRmQaAhk5RoPjUEE8nMrYiMsQlCm7iKJgR3+eVV0q5W3MtK7a5Wrt/kcRTgBE7hHFy4gjo0oAktIPAEz/AKb1ZmvVjv1seidc3KZ47hD6zPH8JHk6Q=</latexit>

H → p
2

2m

unbound 
motion

elipse
circle

<latexit sha1_base64="u0tMXEYKi//p3zSpRSzPD04s9t0=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFoNgFe4kqI0QtLGwiGA+IDnD3mYvWbK7d+7uKeHI/7CxUMTW/2Lnv3GTXKGJDwYe780wMy+IOdPGdb+d3NLyyupafr2wsbm1vVPc3WvoKFGE1knEI9UKsKacSVo3zHDaihXFIuC0GQyvJn7zkSrNInlnRjH1Be5LFjKCjZXub9AF6ugHZVIxVONuseSW3SnQIvEyUoIMtW7xq9OLSCKoNIRjrdueGxs/xcowwum40Ek0jTEZ4j5tWyqxoNpPp1eP0ZFVeiiMlC1p0FT9PZFiofVIBLZTYDPQ895E/M9rJyY891Mm48RQSWaLwoQjE6FJBKjHFCWGjyzBRDF7KyIDrDAxNqiCDcGbf3mRNE7K3mm5clspVS+zOPJwAIdwDB6cQRWuoQZ1IKDgGV7hzXlyXpx352PWmnOymX34A+fzBw7ikkA=</latexit>

L =
→
mkr

<latexit sha1_base64="mTTzEoIs1Q0KSJQcgNwmFd3hO3s=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSJ4se6Wol6EoggeK9gPaZeSTbNtaJJdkqxQlv4KLx4U8erP8ea/MW33oK0PBh7vzTAzL4g508Z1v52l5ZXVtfXcRn5za3tnt7C339BRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGN5M/OYTVZpF8sGMYuoL3JcsZAQbKz3eoit0Ojwrq26h6JbcKdAi8TJShAy1buGr04tIIqg0hGOt254bGz/FyjDC6TjfSTSNMRniPm1bKrGg2k+nB4/RsVV6KIyULWnQVP09kWKh9UgEtlNgM9Dz3kT8z2snJrz0UybjxFBJZovChCMTocn3qMcUJYaPLMFEMXsrIgOsMDE2o7wNwZt/eZE0yiXvvFS5rxSr11kcOTiEIzgBDy6gCndQgzoQEPAMr/DmKOfFeXc+Zq1LTjZzAH/gfP4ArqqPCg==</latexit>

E = →k/2r

<latexit sha1_base64="I/xg83DQkAQO9xZ8r05vPNDKUtk=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCqzqjRd0IRTcuK9gLtLVk0tM2NJkZkzNCGfoEbnwVNy4UcevanW9jello6w+Bj/+ck+T8fiSFQdf9dhYWl5ZXVlNr6fWNza3tzM5uxYSx5lDmoQx1zWcGpAigjAIl1CINTPkSqn7/alSvPoA2IgxucRBBU7FuIDqCM7RWK5NrtENMGtgDZEN6QRuhgi4bgbnXmPSPlL47GbYyWTfvjkXnwZtClkxVamW+7L08VhAgl8yYuudG2EyYRsElDNON2EDEeJ91oW4xYApMMxmvM6Q567RpJ9T2BEjH7u+JhCljBsq3nYphz8zWRuZ/tXqMnfNmIoIoRgj45KFOLCmGdJQNbQsNHOXAAuNa2L9S3mOacbQJpm0I3uzK81A5znun+cJNIVu8nMaRIvvkgBwSj5yRIrkmJVImnDySZ/JK3pwn58V5dz4mrQvOdGaP/JHz+QNwgZu6</latexit>

ω̇ = ε =
√

k/mr3

Circular electron-proton orbit:

<latexit sha1_base64="qEU6J7/mxTj4ttZEhrOrfNjIFjI="></latexit>

k → 2.3↑ 10→28 [Joule]↑ [meter]

<latexit sha1_base64="woAVL6ISKnOJF797FibP25SncpQ=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSGxUCVQAWMFC2OR6ENKQ+W4TmvVTizbQVRRGFj4FRYGEGLlH9j4G9w2A7Qc6UpH59yre+8JBKNKO863NTe/sLi0XFgprq6tb2zaW9sNFScSkzqOWSxbAVKE0YjUNdWMtIQkiAeMNIPB5chv3hGpaBzd6KEgPke9iIYUI22kjr3HYRsJIeN76Dq36dGJkz20JU+9Qc/POnbJKTtjwFni5qQEctQ69le7G+OEk0hjhpTyXEdoP0VSU8xIVmwnigiEB6hHPEMjxIny0/EXGTwwSheGsTQVaThWf0+kiCs15IHp5Ej31bQ3Ev/zvESH535KI5FoEuHJojBhUMdwFAnsUkmwZkNDEJbU3ApxH0mEtQmuaEJwp1+eJY3jsntarlxXStWLPI4C2AX74BC44AxUwRWogTrA4BE8g1fwZj1ZL9a79TFpnbPymR3wB9bnD3efl/E=</latexit>

m → 10→30 [kg]

<latexit sha1_base64="TsFCnnd7kwzdDj26lywX6u8ZPkE=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBjSWRoi6LblxWsA9IY5lMb9uhM0mYmYglxJ0bf8WNC0Xc+gnu/Bunj4W2HrhwOOde7r0niDlT2nG+rdzC4tLySn61sLa+sbllb+/UVZRICjUa8Ug2A6KAsxBqmmkOzVgCEQGHRjC4HPmNO5CKReGNHsbgC9ILWZdRoo3UtvclbpE4ltE9dp3b9Nh1soeWFKknQIP0s7ZddErOGHieuFNSRFNU2/ZXqxPRRECoKSdKea4Taz8lUjPKISu0EgUxoQPSA8/QkAhQfjp+JMOHRungbiRNhRqP1d8TKRFKDUVgOgXRfTXrjcT/PC/R3XM/ZWGcaAjpZFE34VhHeJQK7jAJVPOhIYRKZm7FtE8koSYEVTAhuLMvz5P6Sck9LZWvy8XKxTSOPNpDB+gIuegMVdAVqqIaougRPaNX9GY9WS/Wu/Uxac1Z05ld9AfW5w8B85ld</latexit>

r → 10→10 [meter]
size of atoms

<latexit sha1_base64="zfm3S4QwzGQCHwMKNsK0E3VemsM=">AAACG3icbZDLSgMxFIYzXmu9VV26CRahbspMqZdl0U2XFewFOmPJpGkbzMyE5IxYh/ocbnwVNy4UcSW48G1M21lo6w+Bj/+cw8n5fSm4Btv+thYWl5ZXVjNr2fWNza3t3M5uQ0exoqxOIxGplk80EzxkdeAgWEsqRgJfsKZ/czGuN2+Z0jwKr2AomReQfsh7nBIwVidXcomUKrrDJVdy7AIPmMaFUgqOfZ04x6OjB1cFSbvKFNx7o04ubxftifA8OCnkUapaJ/fpdiMaBywEKojWbceW4CVEAaeCjbJurJkk9Ib0WdtgSMxqL5ncNsKHxuniXqTMCwFP3N8TCQm0Hga+6QwIDPRsbWz+V2vH0DvzEh7KGFhIp4t6scAQ4XFQuMsVoyCGBghV3PwV0wFRhIKJM2tCcGZPnodGqeicFMuX5XzlPI0jg/bRASogB52iCqqiGqojih7RM3pFb9aT9WK9Wx/T1gUrndlDf2R9/QCniqCX</latexit>

→ 2ω ↑ (2↑ 10
15
) [Hertz]

<latexit sha1_base64="y59XlmlP1v4Rk8epRWcjasCO3Yw=">AAACGnicbVBNS8NAEN34WetX1KOXxSJ4sSRa1GPRi3iqYKvQxLLZTnVxsxt2N2IJ8W948a948aCIN/Hiv3Ebc/DrwcDjvRlm5kUJZ9p43oczNj4xOTVdmanOzs0vLLpLyx0tU0WhTSWX6iwiGjgT0DbMcDhLFJA44nAaXR2M/NNrUJpJcWKGCYQxuRBswCgxVuq5fkCSRMkb7Hvn2eZ2I78NVJx1j2TKIcwDw2LQuJA0UCn6Yd5za17dK4D/Er8kNVSi1XPfgr6kaQzCUE607vpeYsKMKMMoh7wapBoSQq/IBXQtFcSuDLPitRyvW6WPB1LZEgYX6veJjMRaD+PIdsbEXOrf3kj8z+umZrAXZkwkqQFBvxYNUo6NxKOccJ8poIYPLSFUMXsrppdEEWpsmlUbgv/75b+ks1X3d+qN40atuV/GUUGraA1tIB/toiY6RC3URhTdoQf0hJ6de+fReXFev1rHnHJmBf2A8/4J2ZihbA==</latexit>

→ 10→34 [Joule]↑ [second]

<latexit sha1_base64="31uqBeRTqlVZiFikqeh55kBzEwo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgxpJI0S6LbsRVBfuAJJbJdNIOnWTCzEQsIW7c+CtuXCji1m9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWFxaXimultbWNza3zO2dluSJwKSJOeOi4yNJGI1IU1HFSCcWBIU+I21/eDH223dESMqjGzWKiReifkQDipHSUtfcd1EcC34Pbes2PbZr2YMrwtS54gkjXtY1y1bFmgDOEzsnZZCj0TW/3B7HSUgihRmS0rGtWHkpEopiRrKSm0gSIzxEfeJoGqGQSC+dvJHBQ630YMCFrkjBifp7IkWhlKPQ150hUgM5643F/zwnUUHNS2kUJ4pEeLooSBhUHI4zgT0qCFZspAnCgupbIR4ggbDSyZV0CPbsy/OkdVKxTyvV62q5fp7HUQR74AAcARucgTq4BA3QBBg8gmfwCt6MJ+PFeDc+pq0FI5/ZBX9gfP4Ap5CYoQ==</latexit>

→ 10→18 [Joule]

L

<latexit sha1_base64="JTGEKe6WmVZ/Os/yUEalQ0U44Cc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgqiQi6kYoiuDCRQX7gDSUyXTSDp1HmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd774kSRrXxvG+nsLS8srpWXC9tbG5t77jl3aaWqcKkgSWTqh0hTRgVpGGoYaSdKIJ4xEgrGl5N/NYDUZpKcW9GCQk56gsaU4yMlbpuObgO4QUMbsOgIznpo7DrVryqNwVcJH5OKiBHvet+dXoSp5wIgxnSOvC9xIQZUoZiRsalTqpJgvAQ9UlgqUCc6DCbnj6Gh1bpwVgqW8LAqfp7IkNc6xGPbCdHZqDnvYn4nxekJj4PMyqS1BCBZ4vilEEj4SQH2KOKYMNGliCsqL0V4gFSCBubVsmG4M+/vEiax1X/tHpyd1KpXeZxFME+OABHwAdnoAZuQB00AAaP4Bm8gjfnyXlx3p2PWWvByWf2wB84nz+irJL5</latexit>

[E] = [L][ω]

Fast!



<latexit sha1_base64="OilaZyU3Ek2UYkSddzUg6TuDThI=">AAACGXicbVDLSsNAFJ3UV62vqEs3g0VwY0lqUZdFEVxWsA9o0jKZTNqhk0yYmYgl5Dfc+CtuXCjiUlf+jdM2C209cOFwzr3ce48XMyqVZX0bhaXlldW14nppY3Nre8fc3WtJnghMmpgzLjoekoTRiDQVVYx0YkFQ6DHS9kZXE799T4SkPLpT45i4IRpENKAYKS31TcsJBMKpf52lvsqgg+JY8Ad4MpNHDg/JAPVqUPSqWYp7p1nfLFsVawq4SOyclEGORt/8dHyOk5BECjMkZde2YuWmSCiKGclKTiJJjPAIDUhX0wiFRLrp9LMMHmnFhwEXuiIFp+rviRSFUo5DT3eGSA3lvDcR//O6iQou3JRGcaJIhGeLgoRBxeEkJuhTQbBiY00QFlTfCvEQ6UyUDrOkQ7DnX14krWrFPqvUbmvl+mUeRxEcgENwDGxwDurgBjRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fUDvqygwA==</latexit>

dE

dt
→ ↑kω4r2

c3

<latexit sha1_base64="8TA5zK99QctlADq0kKU2PP6NjbA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4se5KUY9FETxWsB/QriWbZtvQbDYkWbUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeIDnTxnW/nYXFpeWV1dxafn1jc2u7sLNb13GiCK2RmMeqGWBNORO0ZpjhtCkVxVHAaSMYXI39xgNVmsXizgwl9SPcEyxkBBsr3V+jNpZSxU/oeHCiOoWiW3InQPPEy0gRMlQ7ha92NyZJRIUhHGvd8lxp/BQrwwino3w70VRiMsA92rJU4IhqP51cPUKHVumiMFa2hEET9fdEiiOth1FgOyNs+nrWG4v/ea3EhBd+yoRMDBVkuihMODIxGkeAukxRYvjQEkwUs7ci0scKE2ODytsQvNmX50n9tOSdlcq35WLlMosjB/twAEfgwTlU4AaqUAMCCp7hFd6cR+fFeXc+pq0LTjazB3/gfP4AUxmRww==</latexit>

E → ↑k/r

<latexit sha1_base64="8XfRmch2nJ0GB/tLVihq/1Tingo=">AAACC3icbVC7TsMwFHV4lvIKMLJYrZDKUhKogLGChbFI9CE1beW4TmvViS3bQVRRdhZ+hYUBhFj5ATb+BrfNAC1HutLROffq3nt8wajSjvNtLS2vrK6t5zbym1vbO7v23n5D8VhiUseccdnykSKMRqSuqWakJSRBoc9I0x9dT/zmPZGK8uhOjwXphGgQ0YBipI3UswsaekgIyR+gF0iEkxI+kcfdszTxeEgGqFtJe3bRKTtTwEXiZqQIMtR69pfX5zgOSaQxQ0q1XUfoToKkppiRNO/FigiER2hA2oZGKCSqk0x/SeGRUfow4NJUpOFU/T2RoFCpceibzhDpoZr3JuJ/XjvWwWUnoZGINYnwbFEQM6g5nAQD+1QSrNnYEIQlNbdCPEQmEm3iy5sQ3PmXF0njtOyelyu3lWL1KosjBw5BAZSACy5AFdyAGqgDDB7BM3gFb9aT9WK9Wx+z1iUrmzkAf2B9/gAYtpp3</latexit>

t → (c/r)3

ω4

<latexit sha1_base64="Pl+xndgKQxLYYTwHAhlUqclTCR8=">AAACHHicbVC7SgNBFJ31bXxFLW0Gg2AVd1U0ZdDGUsGYQHYNs5ObZHAey8ysGJb1P2z8FRsLRWwsBP/GSUyhiQcGzpxzL/feEyecGev7X97U9Mzs3PzCYmFpeWV1rbi+cWVUqinUqOJKN2JigDMJNcssh0aigYiYQz2+OR349VvQhil5afsJRIJ0JeswSqyTWsUDikOSJFrd4YPQMgEGB/51VsnvQy2ypgALOsr3hh8DVMl2lLeKJb/sD4EnSTAiJTTCeav4EbYVTQVISzkxphn4iY0yoi2jHPJCmBpICL0hXWg6KolbI8qGx+V4xylt3FHaPWnxUP3dkRFhTF/ErlIQ2zPj3kD8z2umtlOJMiaT1IKkP4M6KcdW4UFSuM00UMv7jhCqmdsV0x7RhLpITMGFEIyfPEmu9svBUfnw4rBUPRnFsYC20DbaRQE6RlV0hs5RDVH0gJ7QC3r1Hr1n7817/ymd8kY9m+gPvM9vQMWiJw==</latexit>

c → 3↑ 108 [meter]/[second]

<latexit sha1_base64="jFCkAMbMHD0aXvEV7rRmyYvsIsM=">AAACDXicbVC7SgNBFJ31GeNr1dJmMAo2hl0JPgohaGMZwTwgu4bZySQZMjuzzMyKYdl8gI2/YmOhiK29nX/jJNlCEw9cOJxzL/feE0SMKu0439bc/MLi0nJuJb+6tr6xaW9t15SIJSZVLJiQjQApwignVU01I41IEhQGjNSD/tXIr98Tqajgt3oQET9EXU47FCNtpJa976EokuIBus5dcnSeDj0ZJk1FsOBtP4UX0B1y1bILTtEZA84SNyMFkKHSsr+8tsBxSLjGDCnVdJ1I+wmSmmJG0rwXKxIh3Edd0jSUo5AoPxl/k8IDo7RhR0hTXMOx+nsiQaFSgzAwnSHSPTXtjcT/vGasO2d+QnkUa8LxZFEnZlALOIoGtqkkWLOBIQhLam6FuIckwtoEmDchuNMvz5LacdE9KZZuSoXyZRZHDuyCPXAIXHAKyuAaVEAVYPAInsEreLOerBfr3fqYtM5Z2cwO+APr8weTC5tB</latexit>

→ 10→9 [second] = 1 ns

Not good…

How quickly will electron fall onto the nucleus?

dipole antenna 
radiation 
formula



Enters Quantum mechanics
<latexit sha1_base64="k53+iJ83Ux+2cj9A22ceZF482PQ=">AAACOHicbZDLSgMxFIYzXmu9VV26CRahBSkzUtSNUHTjzgr2Am0pmTRtQzPJkJyplKGP5cbHcCduXCji1icwvSDa9kDg5/vPSXJ+PxTcgOu+OEvLK6tr64mN5ObW9s5uam+/bFSkKStRJZSu+sQwwSUrAQfBqqFmJPAFq/i965Ff6TNtuJL3MAhZIyAdyducErCombqt9xmN9TADl272BNdbCuIRwpZNIK4LJTuad7pAtFYP+HdiQX+2mUq7OXdceF54U5FG0yo2U8/2DhoFTAIVxJia54bQiIkGTgUbJuuRYSGhPdJhNSslCZhpxOPFh/jYkhZuK22PBDymfydiEhgzCHzbGRDomllvBBd5tQjaF42YyzACJunkoXYkMCg8ShG3uGYUxMAKQjW3f8W0SzShYLNO2hC82ZXnRfk0553l8nf5dOFqGkcCHaIjlEEeOkcFdIOKqIQoekSv6B19OE/Om/PpfE1al5zpzAH6V873D8NkrGs=</latexit>

ωr(t = 0), ω̇r(t = 0) →↑ ωr(t), ω̇r(t)

x

y

z

<latexit sha1_base64="5ljwjowXjvNm/+B+JuiRAjZLMfA=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BLx4jmIckS5idzCZDZmeXmd5ACPkKLx4U8ernePNvnCR70MSChqKqm+6uIJHCoOt+O2vrG5tb27md/O7e/sFh4ei4YeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMY3s385ohrI2L1iOOE+xHtKxEKRtFKT50RZ0SX8KJbKLpldw6ySryMFCFDrVv46vRilkZcIZPUmLbnJuhPqEbBJJ/mO6nhCWVD2udtSxWNuPEn84On5NwqPRLG2pZCMld/T0xoZMw4CmxnRHFglr2Z+J/XTjG88SdCJSlyxRaLwlQSjMnse9ITmjOUY0so08LeStiAasrQZpS3IXjLL6+SxmXZuypXHirF6m0WRw5O4QxK4ME1VOEealAHBhE8wyu8Odp5cd6dj0XrmpPNnMAfOJ8/3S+Pzg==</latexit>

ωr(t)
Impossible to ask where a particle is 

AND  
where it is going!

How do we describe the motion of quantum particles?

Step back: what questions are we allowed [by nature] to ask?

Classical mechanics recipe not applicable. Atoms are saved!



What is the direction of the spin? 

<latexit sha1_base64="mrSaxvKg7Xcoqy0jf8bU3HatAA4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ERwXxAcoS9zVyyZG/v2N0LhCM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrzxMy6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Vb18vKzUbvM4inACp3AOHlxDDe6hDg1gMIJneIU3J3FenHfnY9FacPKZY/gD5/MHcfWPpw==</latexit>

ωL

<latexit sha1_base64="mrSaxvKg7Xcoqy0jf8bU3HatAA4=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoY2ERwXxAcoS9zVyyZG/v2N0LhCM/wsZCEVt/j53/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0d3Mb41RaR7LJzNJ0I/oQPKQM2qs1OqOkWUP01654lbdOcgq8XJSgRz1Xvmr249ZGqE0TFCtO56bGD+jynAmcFrqphoTykZ0gB1LJY1Q+9n83Ck5s0qfhLGyJQ2Zq78nMhppPYkC2xlRM9TL3kz8z+ukJrzxMy6T1KBki0VhKoiJyex30ucKmRETSyhT3N5K2JAqyoxNqGRD8JZfXiXNi6p3Vb18vKzUbvM4inACp3AOHlxDDe6hDg1gMIJneIU3J3FenHfnY9FacPKZY/gD5/MHcfWPpw==</latexit>

ωL

??

We don’t even ask where the electron is or where it is going…  
We merely ask if electron spins [spin is conserved] clockwise or anticlockwise?



A spinning charge follows the magnetic field gradient

B

<latexit sha1_base64="H3liwEdqe8NRXH4m+0EYK9SrAmc=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPUilArisYL9gHYp2XS2Dc0mS5IVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879vJra1vbG7ltws7u3v7RffgsKllqig0qORStUOigTMBDcMMh3aigMQhh1Y4upn5rUdQmknxYMYJBDEZCBYxSoyVem7xFl9j6MoYBgQrXOu5Ja/szYFXiZ+REspQ77lf3b6kaQzCUE607vheYoIJUYZRDtNCN9WQEDoiA+hYKkgMOpjMD5/iU6v0cSSVLWHwXP09MSGx1uM4tJ0xMUO97M3E/7xOaqKrYMJEkhoQdLEoSjk2Es9SwH2mgBo+toRQxeytmA6JItTYrAo2BH/55VXSPC/7F+XKfaVUrWVx5NExOkFnyEeXqIruUB01EEUpekav6M15cl6cd+dj0Zpzspkj9AfO5w+iz5HL</latexit>

F = eωrB
<latexit sha1_base64="H3liwEdqe8NRXH4m+0EYK9SrAmc=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPUilArisYL9gHYp2XS2Dc0mS5IVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879vJra1vbG7ltws7u3v7RffgsKllqig0qORStUOigTMBDcMMh3aigMQhh1Y4upn5rUdQmknxYMYJBDEZCBYxSoyVem7xFl9j6MoYBgQrXOu5Ja/szYFXiZ+REspQ77lf3b6kaQzCUE607vheYoIJUYZRDtNCN9WQEDoiA+hYKkgMOpjMD5/iU6v0cSSVLWHwXP09MSGx1uM4tJ0xMUO97M3E/7xOaqKrYMJEkhoQdLEoSjk2Es9SwH2mgBo+toRQxeytmA6JItTYrAo2BH/55VXSPC/7F+XKfaVUrWVx5NExOkFnyEeXqIruUB01EEUpekav6M15cl6cd+dj0Zpzspkj9AfO5w+iz5HL</latexit>

F = eωrB

magnetic field grows in this direction

<latexit sha1_base64="H3liwEdqe8NRXH4m+0EYK9SrAmc=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPUilArisYL9gHYp2XS2Dc0mS5IVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879vJra1vbG7ltws7u3v7RffgsKllqig0qORStUOigTMBDcMMh3aigMQhh1Y4upn5rUdQmknxYMYJBDEZCBYxSoyVem7xFl9j6MoYBgQrXOu5Ja/szYFXiZ+REspQ77lf3b6kaQzCUE607vheYoIJUYZRDtNCN9WQEDoiA+hYKkgMOpjMD5/iU6v0cSSVLWHwXP09MSGx1uM4tJ0xMUO97M3E/7xOaqKrYMJEkhoQdLEoSjk2Es9SwH2mgBo+toRQxeytmA6JItTYrAo2BH/55VXSPC/7F+XKfaVUrWVx5NExOkFnyEeXqIruUB01EEUpekav6M15cl6cd+dj0Zpzspkj9AfO5w+iz5HL</latexit>

F = eωrB
<latexit sha1_base64="H3liwEdqe8NRXH4m+0EYK9SrAmc=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPUilArisYL9gHYp2XS2Dc0mS5IVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88KEM20879vJra1vbG7ltws7u3v7RffgsKllqig0qORStUOigTMBDcMMh3aigMQhh1Y4upn5rUdQmknxYMYJBDEZCBYxSoyVem7xFl9j6MoYBgQrXOu5Ja/szYFXiZ+REspQ77lf3b6kaQzCUE607vheYoIJUYZRDtNCN9WQEDoiA+hYKkgMOpjMD5/iU6v0cSSVLWHwXP09MSGx1uM4tJ0xMUO97M3E/7xOaqKrYMJEkhoQdLEoSjk2Es9SwH2mgBo+toRQxeytmA6JItTYrAo2BH/55VXSPC/7F+XKfaVUrWVx5NExOkFnyEeXqIruUB01EEUpekav6M15cl6cd+dj0Zpzspkj9AfO5w+iz5HL</latexit>

F = eωrB

Avergae force if the spin is clockwise

<latexit sha1_base64="X6S6c9+8BNFYo8MUg7RvJNbYNb8=">AAACHXicbVDLSgMxFM34tr6qLt0Ei+CqzEhRN4LoxqWCVaFTSyZzpwaTmSG5Iy1hfsSNv+LGhSIu3Ih/Y/pY+DoQOJxzLyf3RLkUBn3/05uYnJqemZ2brywsLi2vVFfXLkxWaA5NnslMX0XMgBQpNFGghKtcA1ORhMvo9njgX96BNiJLz7GfQ1uxbioSwRk6qVNthHGGtlfSAxommnELYaagy6i+3imtKkMUCszIozY+Km3cKzvVml/3h6B/STAmNTLGaaf67mJ4oSBFLpkxrcDPsW2ZRsEllJWwMJAzfsu60HI0ZS6zbYfXlXTLKTFNMu1einSoft+wTBnTV5GbVAxvzG9vIP7ntQpM9ttWpHmBkPJRUFJIihkdVEVjoYGj7DvCuBbur5TfMFcEukIrroTg98l/ycVOPditN84atcOjcR1zZINskm0SkD1ySE7IKWkSTu7JI3kmL96D9+S9em+j0QlvvLNOfsD7+AJRq6K1</latexit>

ẋ =
eωr2

m
→ dB

dx

<latexit sha1_base64="gtuNOBIClgEL81/+DS2Czj/nm0M=">AAACEnicbVC7SgNBFJ31bXxFLW0Gg6BN3A1BLUUbSwWjwmYTZic3yZB5LDOzYljiL9j4KzYWitha2fk3TtYUmnjgwplz7mXuPXHCmbG+/+VNTc/Mzs0vLBaWlldW14rrG1dGpZpCjSqu9E1MDHAmoWaZ5XCTaCAi5nAd906H/vUtaMOUvLT9BCJBOpK1GSXWSc3iXp0kiVZ3OPAbB/d1LbJQgAUdDfbzhwGqZCtqVAbNYskv+znwJAlGpIRGOG8WP+stRVMB0lJOjAkDP7FRRrRllMOgUE8NJIT2SAdCRyURYKIsP2mAd5zSwm2lXUmLc/X3REaEMX0Ru05BbNeMe0PxPy9MbfsoyphMUguS/nzUTjm2Cg/zwS2mgVred4RQzdyumHaJJtSFYgouhGD85ElyVSkHB+XqRbV0fDKKYwFtoW20iwJ0iI7RGTpHNUTRA3pCL+jVe/SevTfv/ad1yhvNbKI/8D6+AYC5ngU=</latexit>

→ 106 [meter]/[second]2

Lorentz 
force

Avergae force if the spin is counterclockwise





Stern-Gerlach experiment:  
The spin did not know its orientation, until asked…!

spin-position 
entanglement

measuring 
spin orientation 
by measuring 

position

analog 
process

digital 
output

The answer is a) discrete and b) linked to the question



Measure Z; 
If Z = 1, measure Z again

Measure Z; 
If Z =1, measure X

Measure Z; 
If Z =1, measure X; 
If X = 1, measure Z

“Prompt engineering” gives even more strange outcome 

Rotating the 
magnet changes 
the measurement 

axis in the querry of 
the spin projection 

value

Feynman Lectures 
on Physics, vol 3


for a detailed 
discussion



Phys 344: from classical to quantum mechanics
Sept 29/2025

COMING NEXT:

- vector spaces

- linear operators

- measurement rules 
- quantum expectation values

- from 2D Hilbert space to 3D real space: the Bloch Sphere 

Explaining THAT requires a paradigm change for describing physics


